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Summary of e−Ze-scattering in 2nd approximation: 

1) The diagram for polarization of vacuum 

 modifies the propagator of photon to:  
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• The self energy of photon I ααααββββ(q2) diverges logarithmically. 

• Problem of divergence we solved in such a way that the I ααααββββ(q2) we first regularized: 
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and eR was declared as the charge observed in experiment. 

• Working with eR we have shown that effect of virtual pair e−−−− e++++ modifies potential between 

e−−−− and Z e and the physical manifestation of these virtual pairs in hydrogen atom is Lamb 

shift. 

The diagram for vertex correction 

 modifies the structure of electron current ( if uue µµµµγγγγ−−−− ): 

µµµµ γγ Λ+=Γ→ , this for small q2 leads to: 
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In general the 2nd order of perturbative expansion leads to the following divergent diagrams: 
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1) The self energy of photon (polarization of vacuum) setting I µµµµνννν = −−−−iΠΠΠΠ µµµµ νννν: 
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2) The self energy of electron: 
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2) The vertex correction: 
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The shown integrals contain divergences that are removed by the procedure of renormalization. 

We have shown it in the case of charge.  The full removal of divergences in QED requires 

renormalization of also mass and wave function of particle.  
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Dimensional regularization 

 

Up to now the renormalization was based on the so-call „cutoff“ regularization. At present it is 

conventional to use the so-called dimensional regularization. In this regularization the divergent 

integrals are calculated in D=4 ±±±± 2εεεε  (D=4 ±±±± εεεε)-dimensions. We will show it on the case of the 

vacuum polarization, i.e. integral Iµµµµνννν = −−−− iΠΠΠΠ µµµµνννν.  

(((( ))))
(((( ))))

(((( )))) (((( ))))
4

2
4 2 2 2 2

ˆ ˆ ˆ( ) ( )

( )2

Tr k m k q md k
ie

k m k q m

µ νµ νµ νµ ν
µνµνµνµν

γ γγ γγ γγ γ

ππππ

    + − ++ − ++ − ++ − +    Π =Π =Π =Π =     
− − −− − −− − −− − −        

∫∫∫∫                                                     (6) 

First a few words about the technique of calculation of the divergent integrals. 

 

The technique of calculation of the divergent integrals 

Calculation of traces of  γγγγ-matrices. For calculation of divergent diagrams of the type (6) is 

needed first of all to figure out traces γ-matrices. In the concrete for calculation of the quantity 

ΠΠΠΠµµµµνννν(q
2)  it is needed to use the following properties of traces of  γγγγ-matrix product: 
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About the calculation of traces of matrices in more details can be read in the appendix A. 

The technique of calculation of divergent integrals is based on a few tricks. 

Feynman’s trick. It is easily to show (see the appendix B – (B3)) that: 
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where 22222 mxqqxM ++++−−−−====  and  k k qx′′′′ = −= −= −= − . 

The transition to Euclidian integral in D dimensions. Typical expression with which we have to 

do at calculation of 2nd order of the perturbative expansion reads: 
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We carry out the regularization of the integral in such a way that we will do integration of the 

term under the integral in D dimensions. The function under the integral is an a analytic function 

with exception of poles ( 2 2E k m± = ± +± = ± +± = ± +± = ± +
����

) in variable k0. The problem of the poles we have 

already solved (see Chapter 7) by moving to the complex plane of k0. The poles we shifted: 
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This integral can be transformed to euclidian integral by replacement: 
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The integral ID ( M 2 ) is finite for D ≠≠≠≠ 4444. The idea of regularization is the following: to use the 

formal term ID(M2) for D ≠≠≠≠ 4444  and carry out all needed  manipulations – to regularize divergences, 

to renormalize fields and coupling constants and then go back to D=4. 

Master formula. The calculation in (10) we can carry out as follows ( we use the Euclidian metric 

– index „E“ we have omitted): 
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If we derive the relation (11) by M2 (αααα−−−−1111)-times we get the so-called „master formula“: 
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Remark. In general it can be shown that on the basis of the integral (((( ))))αααα,2
D MI  we can calculate all 

integrals needed for calculation of the so-called n-point function – see appendix B. 

 

The expression (6) for ΠΠΠΠ µµµµνννν can be adjusted by making the Feynman’s trick and the replacement   

k k qx′′′′ = −= −= −= −  
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The terms proportional to k ′′′′do not give any contribution to the integral (13) because they are odd 

functions of the integration variable. The denominator of the term under integral can be adjusted 

in the following way: 

{{{{ }}}} 2 2 2(1 )k q x x m′′′′= + − −= + − −= + − −= + − −⋯⋯⋯⋯                                                                                       (14a) 

 And numerator in that integral is: 
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Where we have exploited the properties of traces of γ-matrices (7) and „⇒“ means that we 

omitted from the expression the terms proportional to k ′′′′  that do not give any contribution to the 

integral. 

If we do the replacement k k′′′′ →→→→  and set 2 2 2 (1 )M m q x x= − −= − −= − −= − − , the expression (13) reads: 



 6 

(((( )))) (((( ))))
(((( ))))

(((( ))))
21 4

2
4 2 2 2 22 2 2 2

0

2 (1 )2
4

2

q q g q x xd k k k g
ie dx

k Mk M k M

µ ν µνµ ν µνµ ν µνµ ν µνµ ν µνµ ν µνµ ν µνµ ν µν
µνµνµνµν

ππππ

        − −− −− −− −        Π = − −Π = − −Π = − −Π = − −    
    −−−−− −− −− −− −            

∫ ∫∫ ∫∫ ∫∫ ∫      (15) 

The integral (15) we solve by going to D-dimensional space and by subsequent application of the 

„master formula“ and its modification (appendix B,  B7-10) : 
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From (16) it follows that the first and third term in expression (15) are mutually cancelled and it 
leads to 
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At the transition to D-dimensional space we introduced an arbitrary scale µµµµ that has the 

dimension of momentum and was introduced to make charge dimensionless also after the 

transition into D-dimensional space (see Appendix C).  Now we set 4D εεεε= −= −= −= −  and use: 
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where    Euler's constant.0.577γγγγ ==== …  

For the quantity ΠΠΠΠµµµµνννν we get: 
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m

µν µ ν µνµν µ ν µνµν µ ν µνµν µ ν µν

µ ν µνµ ν µνµ ν µνµ ν µν

µ ν µνµ ν µνµ ν µνµ ν µν

ε εε εε εε εγ πµγ πµγ πµγ πµ
π επ επ επ ε

εεεεγ πµγ πµγ πµγ πµ
π επ επ επ ε

γ πγ πγ πγ π
π ε µπ ε µπ ε µπ ε µ

                Π = − − + − − − −Π = − − + − − − −Π = − − + − − − −Π = − − + − − − −                
                

        = − − + − − − − == − − + − − − − == − − + − − − − == − − + − − − − =        
         

= − − + − − − −= − − + − − − −= − − + − − − −= − − + − − − −

∫∫∫∫

∫∫∫∫

1

0

(1 )x
        

−−−−            
        

∫∫∫∫

                                              

(19) 

The term proportional to qµµµµqνννν does not give (after summing) any contribution to the 

process amplitude due to conservation of current (jµµµµ q
µµµµ=0), therefore ΠΠΠΠµµµµνννν reads:   

(((( )))) (((( )))) (((( ))))2 2 2 2q g q g q qµν µν γ µν γµν µν γ µν γµν µν γ µν γµν µν γ µν γΠ = − Σ = − ΠΠ = − Σ = − ΠΠ = − Σ = − ΠΠ = − Σ = − Π                                                                  (20) 

where for the transversal self energy of photon we get: 

(((( ))))
12 2 2

2
2 2 2

0

2
ln 4 ln 6 (1 ) ln 1 (1 )

12
e m q

q dx x x x x
m

γγγγ γ πγ πγ πγ π
π ε µπ ε µπ ε µπ ε µ

        
Σ = − + − − − − −Σ = − + − − − − −Σ = − + − − − − −Σ = − + − − − − −            

        
∫∫∫∫                  (21) 

Using the relations (1) and (20) for the photon propagator in 1-loop approximation we get: 

[[[[ ]]]]
2

2
22

2
2

q

q
qq1

q

g
iqD

)(
)(,)()(

γγγγ
γγγγγγγγ

µνµνµνµν
µνµνµνµν ΣΣΣΣΠΠΠΠΠΠΠΠ ====−−−−−−−−====                                   (22) 

The case of small transferred momentum q2<<<<<<<< m2. In this case one can write: 

2 2

2 2ln 1 (1 ) (1 )
q q

x x x x
m m

    
− − ≈ − −− − ≈ − −− − ≈ − −− − ≈ − −    

    
 and for correction to propagator we get: 

12 2 2
2 2

2 2 2
0

2
ln4 ln 6 (1 )

12
e m q

dx x x
m

γγγγ γ πγ πγ πγ π
π ε µπ ε µπ ε µπ ε µ

    
Π ≈ − + − + −Π ≈ − + − + −Π ≈ − + − + −Π ≈ − + − + −    

    
∫∫∫∫                                            (23) 

This leads to the following photon polarization of vacuum: 

( ) ln ln
2 2

2
2 2

2 m q
q 4

3 5m
γγγγ ααααΠ γ πΠ γ πΠ γ πΠ γ π

π ε µπ ε µπ ε µπ ε µ
    

= − + − += − + − += − + − += − + − +    
    

                                                            (24) 

The case of big transferred momentum q2>>>>>>>>  m2. 

( ) ln ln ln ( )
22

2 2
2 2

q2 m 5
q 4 i q

3 m 3
γγγγ ααααΠ γ π π θΠ γ π π θΠ γ π π θΠ γ π π θ

π ε µπ ε µπ ε µπ ε µ

        
        = − + − + − += − + − + − += − + − + − += − + − + − +

        
        

                             (25) 
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We used: )(ln)(ln
)(

ln
)(

ln 2
2

2

2

2

2

22

qi
m

q
x1x

m
qx1x

m
mqx1x θθθθππππ++++++++−−−−====−−−−≈≈≈≈++++−−−−

 

 

Electron self energy 

At the calculation of electron self energy we will go, similarly as in the case of polarization of 

vacuum, to D (= 4−−−−εεεε) dimensional space: 

(((( ))))
(((( ))))

(((( )))) (((( ))))
(((( ))))

(((( ))))[[[[ ]]]] 222D

D
D42

2224

4
2

kmkp

mkp

2

kd
eip

k

ig

mkp

mkpi

2

kd
ei

−−−−−−−−

++++−−−−
⋅⋅⋅⋅−−−−====→→→→

−−−−
⋅⋅⋅⋅⋅⋅⋅⋅

−−−−−−−−
++++−−−−⋅⋅⋅⋅⋅⋅⋅⋅−−−− ∫∫∫∫∫∫∫∫

−−−− µµµµ
µµµµ

µνµνµνµνννννµµµµ γγγγγγγγ
ππππ

µµµµΣΣΣΣγγγγγγγγ
ππππ

ˆˆ
)(

ˆˆ
                                                                            

                                                                                                                                            (26) 

Having introduced the Feynmann variable z (see Appendix B2-3), we have: 

(((( ))))
(((( ))))

(((( ))))[[[[ ]]]]∫∫∫∫ ∫∫∫∫
−−−−++++−−−−−−−−

++++−−−−
⋅⋅⋅⋅−−−−==== −−−−

1

0
2222D

D
D42

z1kzmzkp

mkp

2

kd
dzeip

)(

ˆˆ
)( µµµµ

µµµµ γγγγγγγγ
ππππ

µµµµΣΣΣΣ                                      (27) 

After the replacement pzkk −−−−′′′′→→→→  and taking into account the fact that in D-dimensional space 

is valid: 

ˆ ˆ, ( )D a 2 D aµ µµ µµ µµ µ
µ µµ µµ µµ µγ γ γ γγ γ γ γγ γ γ γγ γ γ γ= = −= = −= = −= = −                                                                                         (28) 

For the electron self energy we get: 

(((( ))))
(((( ))))































++++−−−−−−−−++++++++−−−−++++++++++++−−−−−−−−==== ∫∫∫∫

1

0
2

2

2

2

4

M
m2z1pdz221m21pm4p

1

4

e
ip

πµπµπµπµ
γγγγγγγγ

εεεεππππ
ΣΣΣΣ ln)(ˆ)()(ˆˆ)(     

                                                                                                                                                      (29) 

where )( z1zpzmM 222 −−−−−−−−====                                                                                    

More details about the electron self energy can be found in Appendix C. 

 

Vertex correction 

In an analogical way as above it is possible to calculate the vertex correction: 

(((( )))) (((( )))) (((( ))))
[[[[ ]]]][[[[ ]]]]22222D

D
32D22D2

mkpmkpk

mkpmkp

2

kd
epqpie

−−−−−−−−′′′′−−−−−−−−
++++−−−−++++−−−−′′′′

−−−−====′′′′−−−− ∫∫∫∫
−−−−−−−−

)()(

ˆˆˆˆ

)(
),,( //

νννν
µµµµνννν

µµµµ

γγγγγγγγγγγγ
ππππ

µµµµΛΛΛΛµµµµ          (30) 

Using the 2-parametric Fenmann’s formula (see Appendix B) 

[[[[ ]]]]3

x1

0

1

0 cybxyx1a

1
dydx2

abc
1

++++++++−−−−−−−−
==== ∫∫∫∫∫∫∫∫

−−−−

)(
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We get 

(((( )))) (((( ))))
[[[[ ]]]]∫∫∫∫ ∫∫∫∫ ∫∫∫∫

−−−−
−−−−

′′′′++++++++′′′′++++−−−−++++−−−−

++++−−−−++++−−−−′′′′
====′′′′

1

0

x1

0
32222D

D
D42

ypxpyppxk2yxmk

mkpmkp

2

kd
dydxe2ipqp

)()(

ˆˆˆˆ

)(
),,(

νννν
µµµµνννν

µµµµ

γγγγγγγγγγγγ
ππππ

µµµµΛΛΛΛ   (31) 

After introducing yppxkk ′′′′−−−−−−−−====′′′′ and after renaming of integration variable ( kk →→→→′′′′ ) we have: 

(((( )))) (((( ))))
[[[[ ]]]]32222

1

0

x1

0
D

D
D42

xypp2y1ypx1xpyxmk

mkypx1pmkxpy1p

2

kd
dydxe2ipqp

′′′′−−−−−−−−′′′′++++−−−−++++++++−−−−

++++−−−−′′′′−−−−−−−−++++−−−−−−−−−−−−′′′′
××××

××××====′′′′ ∫∫∫∫ ∫∫∫∫ ∫∫∫∫
−−−−

−−−−

)()()(

ˆˆ)(ˆˆˆ)(ˆ

)(
),,(

νννν
µµµµνννν

µµµµ

γγγγγγγγγγγγ

ππππ
µµµµΛΛΛΛ

                              (32) 

The expression (32) contains a finite as well as a divergent part (the part of numerator containing 

k2 diverges therefore we can write: 

)()( 21
µµµµµµµµµµµµ ΛΛΛΛΛΛΛΛΛΛΛΛ ++++====                                                                                                          (33) 

where the divergent part (( )1
µµµµΛΛΛΛ ) using (B10 – Appendix B), can be expressed in the form 

(((( ))))

/

( )
( , , )

( ) ( ) ( )

1 1 x2
4 D

D 2
0 0

2 D 22 2 2

e 2 D 2
p q p dx dy

2 4

m x y p x 1 x p y 1 y 2 pp xy

µµµµ

ρ νρ νρ νρ ν
ν ρ µν ρ µν ρ µν ρ µ

ΓΓΓΓΛ µΛ µΛ µΛ µ
ππππ

γ γ γ γ γγ γ γ γ γγ γ γ γ γγ γ γ γ γ

−−−−
−−−−

−−−−

−−−−′′′′ ====

××××
′ ′′ ′′ ′′ ′    + − − − − ++ − − − − ++ − − − − ++ − − − − +    

∫ ∫∫ ∫∫ ∫∫ ∫
                                      (34) 

Now using the fact that 

µµµµ
ννννρρρρ

µµµµρρρρνννν γγγγγγγγγγγγγγγγγγγγγγγγ 2D2 )( −−−−====                                                                                        (35) 

and expressing D=4−−−−2222εεεε,  the divergent part of the vertex correction reads:  

 

(((( ))))
( ) ( , )( , , ) ( , , )

2
1 1 finite

2

e
p q p p q p

4
µ µ µµ µ µµ µ µµ µ µΛ γ ΛΛ γ ΛΛ γ ΛΛ γ Λ

π επ επ επ ε
′ ′′ ′′ ′′ ′= += += += +                                                                   (36) 

The convergent part, ΛΛΛΛµµµµ , does not contain k in the numerator and it converges so we can set D=4 

and to integrate (over k). It will give 

(((( ))))
(((( )))) (((( ))))

[[[[ ]]]] 2D2222

1

0

x1

0
2

2
2

xypp2y1ypx1xpyxm

mypx1pmxpy1p
dydx

4

e
pqp

/
)(

)()()(

ˆ)(ˆˆ)(ˆ
),,( −−−−

−−−−

′′′′++++−−−−′′′′−−−−−−−−−−−−++++

++++′′′′−−−−−−−−++++−−−−−−−−′′′′
====′′′′ ∫∫∫∫ ∫∫∫∫

νννν
µµµµνννν

µµµµ

γγγγγγγγγγγγ
ππππ

ΛΛΛΛ     (37)    
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Conception of renormalization 

 

From Ward Identity, that is a consequence of current conservation in QED, it follows that 

from the all one-loop diagrams (2nd order of perturbative expansion) only the polarization of 

vacuum contributes to the charge change (change of coupling constant in vertex). Let us assume 

that charge is measured in Thompson’s scattering ( q2≈≈≈≈0000 ): 

 

 

                        σσσσthomp  ∼∼∼∼ 

 

Then the amplitude in the process in the 2nd order of perturbative expansion we get from 

the amplitude of the 1st order:  

( )
1

ie ie 1 0
2

µ γ µµ γ µµ γ µµ γ µγ Π γγ Π γγ Π γγ Π γ    → −→ −→ −→ −    
    

                                                                            (38) 

Hence in cross section for Thompson’s scattering there is the quantity 




 −−−− )(0
2
1

1e γγγγΠΠΠΠ  − it 

represents the physical charge (ephys ) and not the quantity that is in Lagrangian. Therefore the 

quantity that „sits“in Lagrangian we will denote as e0 and will call it „bare“ charge. If the physical 

charge (ephys ), we will denote it as e, we measured at q2≈≈≈≈0000, then the relation of bare (e0) and 

physical charge (e) is: 

)()( 0
2
1

e
e

0
2
1

1eeee0
γγγγγγγγ ΠΠΠΠδδδδΠΠΠΠδδδδ ====⇒⇒⇒⇒




 ++++====++++====                                         (39) 

The recipe for the renormalization procedure is the following: physical charge in Lagrangian 

we replace by bare charge: eeee 0 δδδδ++++====→→→→ and then we carry out the expansion in δδδδe. 

Let us consider a scattering or an annihilation process that goes through photon exchange in one-

loop approximation. The amplitude of scattering (without external fermion spinors) is: 
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( ) ( ) ( ) ( )

ˆ ( )

22 2 2
2 2 20

2 2 2

2
2

2

e 1 e e e
1 q 1 2 q 1 0 q

q 2 q e q

e
1 q

q

γ γ γ γγ γ γ γγ γ γ γγ γ γ γ

γγγγ

δδδδΠ Π Π ΠΠ Π Π ΠΠ Π Π ΠΠ Π Π Π

ΠΠΠΠ

                 − = + − = + −− = + − = + −− = + − = + −− = + − = + −                             

    = −= −= −= −    

             (40) 

The quantity  

)()()(ˆ 0qq 22 γγγγγγγγγγγγ ΠΠΠΠΠΠΠΠΠΠΠΠ −−−−====                                                                                       (41) 

Is called the renormalized polarization of vacuum and is finite also for D →→→→ 4444. Using the relations  

(24) for small transferred momenta (q2<<<<<<<< m2): 

2

2
2

m5

q
3

q
ππππ

ααααΠΠΠΠ γγγγ ====)(ˆ                                                                                                    (42) 

For large transferred momenta (see Eq. 25) we get (q2>>>>>>>> m2): 











++++






 −−−−−−−−==== )(ln)(ˆ 2
2

2
2 qi

m5

q
3
5

3
q πθπθπθπθ

ππππ
ααααΠΠΠΠ γγγγ                                                                 (43) 

At largeq2 to one-loop correction will contribute not only electrons but also other fermions 

with charge Qf . An interesting case occurs when 2
Z

2 Mq ====−−−−  (MZ is the mass of Z-boson): 

∑∑∑∑ 












++++








−−−−====

f

2
2

2
Z2

f
2
Z qi

m5

M

3
5

3
QM )(ln)(ˆ πθπθπθπθ

ππππ
ααααΠΠΠΠ γγγγ                                                    (44) 

The total fermion contribution to the real part of the renormalized propagator is: 

0009006020M 2
Z ..)(ˆRe ±±±±−−−−====γγγγΠΠΠΠ  

The polarization of vacuum can be treated either as a correction of propagator or as a correction 

of charge – in latter case a conception of running charge or running coupling constant. For the 

running charge we can sum the contributions of all orders (see Chapter 8 Eq. 37): 

)(Re
)(

2

2
22

q1

e
qe γγγγΠΠΠΠ++++

====                                                                                 (45) 

It corresponds to summing of geometrical series representing a series of amplitudes with different 

number of loops.  
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Renormalization in QED 

 

The conclusions for the divergent diagrams corresponding to the electron self energy, photon self 

energy and vertex correction after regularization are: 

)()ˆ()( pm4p
16

e
p

2

2
(finit) ΣΣΣΣ

εεεεππππ
ΣΣΣΣ ++++++++−−−−====                                                            (46) 

)()()( )( pqqqg
12

e
q finit2

2

2

µνµνµνµνννννµµµµµνµνµνµνµνµνµνµν ΠΠΠΠ
εεεεππππ

ΠΠΠΠ  ++++++++−−−−====                                           (47) 

),,(),,( )( pqp
16

e
pqp finit

2

2

′′′′++++====′′′′ µµµµµµµµµµµµ ΛΛΛΛγγγγ
εεεεππππ

ΛΛΛΛ                                                   (48) 

The diagrams (46-47) we have obtained starting from Lagrangian QED: 

(((( ))))
���� ����� ���� ��� ���������

γγγγ

µµµµ
µµµµ

µνµνµνµν
µνµνµνµνµµµµ

µµµµ ψψψψγγγγψψψψψψψψψψψψ

L
LL

QED A
2
1

FF
4
1

eQAmiL

if

∂∂∂∂−−−−−−−−−−−−−−−−∂∂∂∂==== )ˆ(                     (49) 

Presence of the divergent parts in (46-48) means that the quantities ψψψψ,,,, m, e, Aµµµµ present in LQED  

are not the physically observable quantities but rather other quantities – we will call them „bare“ 

quantities and we will provide them with the suffix 0. Their relation to physically observable 

quantities can be expressed as follows: 

eZemZm

AZAZ

e0m0

21
A0

21
0

========

======== µµµµ
µµµµ

ψψψψ ψψψψψψψψ
                                                                         (50) 

Where the quantities Zi can be expanded into Taylor series in powers of square of the physical 

charge e2: 

2
i iZ 1 e Zδδδδ= += += += +                                                                                             (51) 

 

Propagator electron 

If we start from the Lagrangian LQED (49) then the full electron propagator (dressed propagator) 

reads: 
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(((( ))))
)(ˆˆ

)(
ˆˆ

)(
pmp

i
mp

i
pi

mp
i

mp
i

pSi F ΣΣΣΣ
ΣΣΣΣ

−−−−−−−−
====++++

−−−−
−−−−

−−−−
++++

−−−−
====′′′′ ⋯                        (52) 

The effect of loop manifests itself as an addition to the mass of electron. The problem is that if in 

LQED are physical quantities then due to presence of ΣΣΣΣ(p), propagator contains divergent part. Let 

us now suppose that into LQED go the bare quantities, which we express through the physical ones 

using the relations (50) and (51). It is sufficient to take into account only the fermion part, Lf , of 

Lagrangian  LQED.  

(((( )))) ψψψψψψψψδδδδδδδδψψψψψψψψδδδδψψψψψψψψ ΨΨΨΨΨΨΨΨ mZe
m
m

e1iZe1miL 222
000f )(ˆ)()ˆ( ++++++++−−−−∂∂∂∂++++====−−−−∂∂∂∂====             (53) 

The full propagator expressed through physical quantities can be obtained from (52) by 

replacement: (((( )))) a  ˆ ˆ2 2 2m
p 1 e Z p m 1 e e Z m

mΨ ΨΨ ΨΨ ΨΨ Ψ
δδδδδ δδ δδ δδ δ    → + → + +→ + → + +→ + → + +→ + → + +    

    
 ,  

Hence the full propagator reads: 

 

(((( ))))

( )

ˆ

ˆ

1 2 2 2
F

2 2
2 2 2 finit

2 2

m
S 1 e Z p 1 e e Z m

m

e m e
1 e Z p 1 e e Z m

8 m 2

δδδδδ δδ δδ δδ δ

δδδδδ δδ δδ δδ δ
π ε π επ ε π επ ε π επ ε π ε

−−−−
Ψ ΨΨ ΨΨ ΨΨ Ψ

Ψ ΨΨ ΨΨ ΨΨ Ψ

    ′′′′ = + − + + − Σ == + − + + − Σ == + − + + − Σ == + − + + − Σ =    
    

            
= + + − + + + − Σ= + + − + + + − Σ= + + − + + + − Σ= + + − + + + − Σ            
            

                          (54) 

The expressions for the bare quantities we can get from the condition of finite value of expression 

(54): 

,
2 2 2

1 m 1 m 3
Z Z 0

8 m 2 m 8Ψ ΨΨ ΨΨ ΨΨ Ψ
δ δδ δδ δδ δδ δδ δδ δδ δ

π ε π ε π επ ε π ε π επ ε π ε π επ ε π ε π ε
= − + + == − + + == − + + == − + + = ⇒⇒⇒⇒ = −= −= −= −                              (55) 

This leads to the following relation between the bare and physical quantities: 

,
2 2

0 2 02 2

e 3e
Z 1 m m m 1

8 8
Ψ Ψ δΨ Ψ δΨ Ψ δΨ Ψ δ

π ε π επ ε π επ ε π επ ε π ε
            

= = − = + = −= = − = + = −= = − = + = −= = − = + = −            
            

                                       (56) 

And the full propagator reads: 

( )
( )

ˆ ( )F finit

i
iS p

p m pΣΣΣΣ
′′′′ ====

− −− −− −− −
                                                                                      (57) 
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Schemes of renormalization 

 

In general for the vacuum polarization it can be written: 

)()()( 22
R

2
e

2 qq µµµµΠΠΠΠµµµµ∆Π∆Π∆Π∆ΠΠΠΠΠ γγγγγγγγγγγγ ++++====                                                                          (54) 

where the divergent part )( 2
e µµµµ∆Π∆Π∆Π∆Π γγγγ  can be reabsorbed in renormalized coupling constant  

(charge). The decomposition (54) can be done in many different ways. The way which we take 

will defined renormalization scheme: 

schemeMS

schemeMS

schemeµ

−−−−

−−−−

−−−−




















 ++++−−−−













 ++++++++−−−−

====

−−−−

−−−−

−−−−

)ln(

)ln(

)(

ππππγγγγ
εεεε

µµµµ
ππππ

αααα
εεεε

µµµµ
ππππ

αααα

ππππγγγγ
εεεε

µµµµ
ππππ

αααα

µµµµ∆Π∆Π∆Π∆Π

εεεε

εεεε

εεεε

γγγγ

4
1

3

1
3

3
5

4
1

3

20

20

20

2
e                                    (55) 

schemeMS

schemeMS

schemeµ

−−−−

−−−−

−−−−
























++++






 −−−−−−−−









++++++++−−−−







 −−−−−−−−
















 −−−−−−−−

====

−−−−

3
5q

3

3
5

4
q

3

q
3

q

2

2
20

2

2
0

2

2
0

22
R

µµµµ
µµµµ

ππππ
αααα

ππππγγγγ
µµµµππππ

αααα
µµµµππππ

αααα

µµµµΠΠΠΠ

εεεε ln

)ln(ln

ln

)/(                        (56) 

Using )( ππππαααα 4e2====  in QED we can write (the amplitude {{{{ }}}})(~)( 2
2

2
2 q1

q

e
qM γγγγΠΠΠΠ−−−− ): 

{{{{ }}}} {{{{ }}}}

ππππ
αααα

εεεε
µµµµ

ππππ
ααααααααµµµµαααα

µµµµΠΠΠΠµµµµααααµµµµΠΠΠΠµµµµ∆Π∆Π∆Π∆Παααα

εεεε

γγγγγγγγγγγγ

4

e
C

1
3

1

q1
q

q1
q

2
0

0scheme
20

0
2

R

22
R2

2
R22

R
2

e2
0

====















 ++++++++====

−−−−≡≡≡≡−−−−−−−−

−−−− ,)(

,)(
)(

)()(

                                (57) 

where similarly as in case of the „cut off“ renormalization, αααα0 is the bare coupling constant, that 

is not directly observable. After redefinition coupling constant the scattering amplitude is finite, 

hence in experiment is measured the renormalized coupling constant ααααR. 

 

Appendix A. At calculation of vacuum polarization, electron self energy or vertex function it is 

needed to use the following properties of traces of γγγγ-matrices product: 
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(((( ))))
(((( ))))

(((( ))))
(((( ))))
5

5

Tr 4g

Tr 4 g g g g g g

Tr 4i

Tr 0

µ ν µνµ ν µνµ ν µνµ ν µν

µ ν ρ σ µ ρ ν σ µσ νρ µν ρ σµ ν ρ σ µ ρ ν σ µσ νρ µν ρ σµ ν ρ σ µ ρ ν σ µσ νρ µν ρ σµ ν ρ σ µ ρ ν σ µσ νρ µν ρ σ

µ ν ρ σ µνρσµ ν ρ σ µνρσµ ν ρ σ µνρσµ ν ρ σ µνρσ

µ νµ νµ νµ ν

γ γγ γγ γγ γ

γ γ γ γγ γ γ γγ γ γ γγ γ γ γ

γ γ γ γ γ εγ γ γ γ γ εγ γ γ γ γ εγ γ γ γ γ ε

γ γ γγ γ γγ γ γγ γ γ

====

    = + −= + −= + −= + −    

====

====

                              (A1)  

and the commutation relations ( µµµµ
µµµµγγγγaa ≡≡≡≡ˆ ) : 

aa

aa2a

abab2ba

55 ˆˆ

ˆˆ

ˆˆ)(ˆˆ

γγγγγγγγ

γγγγγγγγ µµµµµµµµµµµµ

−−−−====

−−−−====

−−−−====

                                                                                       (A2) 

 

Appendix B: On calculation of divergent diagrams 

The integral corresponding a Feynmann’s diagram has the structure: 

∫∫∫∫====
)()()(

)(

21 kakaka
dkkf

I
n⋯

                                                                                     (B1) 

where ai(k) are polynomials of second degree and f(k) is a polynomial of  nth degree. 

At the calculation is used: 

[[[[ ]]]]∫∫∫∫ ∫∫∫∫ ∫∫∫∫
−−−−

−−−−++++++++−−−−++++
====

−−−−−−−−−−−−
−−−−

1

0

z

0

z

0
n

1n2n1n21n1

2n21
n21

1 1n

z1azzaza

1
dzdzdz

aaa
1

)()( ⋯⋯
        (B2) 

For n=2: 

[[[[ ]]]]∫∫∫∫ −−−−++++
====

1

0 2121 )1(
1

zaza
dz

aa
                                                                                    (B3) 

From the view point of the dependence on k (momentum of integration) it is needed to make the 

replacement: 

[[[[ ]]]] [[[[ ]]]]n2n
1n2n1n21n1 ak

c

z1azzaza

1

αααα++++−−−−
====

−−−−++++++++−−−−++++ −−−−−−−−−−−− )()()( ⋯
                         (B4) 

where c, a, αααα are functions of z1,…,zn.  

Putting (B2) into (B1) we get: 

),...,()!1( 11
0

1

1

0
1

2

−−−−−−−−∫∫∫∫∫∫∫∫
−−−−

−−−−==== n

z

n zzJdzdznI
n

⋯                                                                           (B5) 
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where  

( )
( , )

( )
1 n 1 n2

f k
J z z dk

k a b
−−−− ====

    − +− +− +− +    
∫∫∫∫⋯⋯⋯⋯                                                                                (B6) 

For calculation of higher orders it is sufficient to know the integral (dimensional regularization): 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( ))))

(((( )))) (((( ))))
(((( ))))

DD
2 2 2

D D 22 2

D 2d k 1
J M 1 i M

2 4k M

αααααααα
αααα αααα

Γ αΓ αΓ αΓ α
π π Γ απ π Γ απ π Γ απ π Γ α

−−−−−−−−
= = −= = −= = −= = −

−−−−
∫∫∫∫                            (B7) 

The general case of scalar integral (see further) can be transformed by the replacement k →→→→ k+p 

to the case )( 2MJαααα : 

(((( )))) (((( )))) (((( ))))
(((( )))) (((( ))))

(((( )))) (((( ))))
(((( )))),

DD
2 2 2 2

D D 22 2

D 2d k 1
J p M 1 i M p

2 4k 2kp M

αααααααα
αααα αααα

Γ αΓ αΓ αΓ α
π π Γ απ π Γ απ π Γ απ π Γ α

−−−−−−−−
= = − += = − += = − += = − +

+ −+ −+ −+ −
∫∫∫∫   (B8) 

Differentiating both sides of B8 in pµµµµ we get: 

(((( )))) (((( ))))
(((( )))) (((( ))))

(((( )))) (((( ))))
(((( ))))

DD
2 2 2

D D 22 2

k D 2d k
1 i p M p

2 4k 2kp M

ααααααααµµµµ
µµµµαααα

Γ αΓ αΓ αΓ α
π π Γ απ π Γ απ π Γ απ π Γ α

−−−−−−−−
= − += − += − += − +

+ −+ −+ −+ −
∫∫∫∫                        (B9) 

Differentiating both sides of (B9) in pνννν we get: 

(((( )))) (((( ))))

(((( )))) (((( ))))
(((( )))) (((( ))))

(((( ))))

(((( ))))
(((( )))) (((( ))))

(((( ))))

D

D 2 2

D
2 2 2

2 2
D 2

D
12 2

D 2p 0

k kd k

2 k 2kp M

M p D 1 D
1 i p p g p M 1

2 2 24

D
1

i 2
1 g M

2 4

µ νµ νµ νµ ν
αααα

αααα
αααα µνµνµνµν

µ νµ νµ νµ ν

αααααααα µνµνµνµν

ππππ

Γ α Γ αΓ α Γ αΓ α Γ αΓ α Γ α
π Γ απ Γ απ Γ απ Γ α

Γ αΓ αΓ αΓ α

π Γ απ Γ απ Γ απ Γ α

−−−−

− +− +− +− +

====

====
+ −+ −+ −+ −

++++                 = − − + + − −= − − + + − −= − − + + − −= − − + + − −                
                

    − −− −− −− −    
    → −→ −→ −→ −

∫∫∫∫

      (B10) 

Appendix C: Dimensional analysis 

Let us consider a physical system in D-dimensional space. Let us assume that ΛΛΛΛ is a momentum 

unit, then the action of the system should be: 

[[[[ ]]]] (((( ))))( )D 0 D D Dd x L x L d xΛ Λ ΛΛ Λ ΛΛ Λ ΛΛ Λ Λ −−−−         ⋅ =⋅ =⋅ =⋅ = ⇒⇒⇒⇒ = == == == =        ∫∫∫∫                                        C1 

Scalar field: 

[[[[ ]]]]
D 2

D 2µµµµ
µµµµϕ ϕ Λ ϕ Λϕ ϕ Λ ϕ Λϕ ϕ Λ ϕ Λϕ ϕ Λ ϕ Λ

−−−−

    ∂ ∂ =∂ ∂ =∂ ∂ =∂ ∂ = ⇒⇒⇒⇒ ====                                                                            C2 



 17 

Spinor field: 

[[[[ ]]]]
D 1

D 2ψ ψ Λ ψ Λψ ψ Λ ψ Λψ ψ Λ ψ Λψ ψ Λ ψ Λ
−−−−

∂ =∂ =∂ =∂ = ⇒⇒⇒⇒ ====                                                                                     C3 

Electromagnetic field: 

[[[[ ]]]]
D 2

D 2F F A A Aµν µ νµν µ νµν µ νµν µ ν
µν µ νµν µ νµν µ νµν µ ν Λ ΛΛ ΛΛ ΛΛ Λ

−−−−

         = ∂ ∂ == ∂ ∂ == ∂ ∂ == ∂ ∂ = ⇒⇒⇒⇒ ====        
ɶɶɶɶ                                            C4 

Interaction term: 

 [[[[ ]]]]
4 D

D 2e A eψ ψ Λ Λψ ψ Λ Λψ ψ Λ Λψ ψ Λ Λ
−−−−

==== ⇒⇒⇒⇒ ====                                                                                    C5 

If we assume D=4−−−−εεεε and in the interaction term we do the replacement:
4 D

2 2e e e
εεεε

µ µµ µµ µµ µ
−−−−

→ =→ =→ =→ = , then 

the charge e will stay dimensionless. 

 


